We present three different approaches to modelling extreme values of daily air pollution data. We fitted a generalized extreme value distribution to the monthly maxima of daily concentration measures. For the exceedances of a high threshold depending on the data, the parameters of the generalized Pareto distribution were estimated. Accounting for autocorrelation, dusters of exceedances were used. To obtain information about the relationship of the exceedancr of the air quality standard and possible predictors we applied logistic regression. Results and their interpretation are given for daily average concentrations of ozone and nitrogen dioxide at two monitoring sites within the city of Munich.
Introduction
Peak concentrations of single air pollutants are of particular interest in the determination of air quality. Extreme concentrations of harmful atmospheric substances support the greenhouse effect, and in addition their occurrence represents a risk to people's health and can lead to other environmental damages as a consequence. Thus the presence of extreme concentrations of ozone or of nitrogen oxides always causes some sort of distress for people living in the affected area. The direct effects to health range from slight disabilities to permanent damage. The prediction of these extreme concentrations and the assessment of their contribution to atmospheric pollution are subjects of strong environmental concern. Extreme value concepts have therefore recently been used in the monitoring of environmental data such as ground-level ozone (Smith, 1989) or as a tool in modelling trends in the urban ozone air quality (Rao et al., 1992) .
In recent summers German monitoring sites have registered, almost daily, exceedances of the required national air quality standard for ozone. The frequency of these exceedances has caused a political debate about new emissions control strategies. The discussion focuses on steps to reduce the emissions in case extreme concentrations may be expected. The effect of traffic limitations for such situations is being tested at present in field experiments at different locations in Germany. The surveillance of air quality is regulated by federal law and therefore long-term databases are available.
In this paper we analyse extreme values of daily averages of ozone and nitrogen dioxide concentrations measured at two monitoring sites in Munich. A detailed description of our data is given in Section 2. In Section 3 we review the different statistical methods we use and give the results of our analysis. At first we model the distribution of extreme values by fitting the generalized extreme value (GEV) distribution to the monthly maxima of our series. The second model is based on the exceedances of high thresholds, where we use the generalized Pareto distribution as a stable distribution for the excesses. To cope with the time-dependent structure of the data, exceedances occurring on consecutive days were linked to a cluster. Most definitions of air pollution standards consider only the fact that a certain limit is exceeded, or the frequency with which this happens. Therefore we fit logistic regression models with the binary response variable of limit exceedance. As predictors we include lagged concentrations, meteorological variables and a weekend dummy in the model. The results indicate that these models can provide useful information about the occurrence of limit exceedances of air pollution and can be used to make short-term predictions about limit exceedances.
The data
The data consist of daily averages of the concentration of ozone and of nitrogen dioxide measured at two monitoring sites within the city of Munich (M-Stachus and M-Lothstr). The samples were obtained from the Bavarian State Office for Environmental Protection for a period from January 1980 to October 1992. The summary statistics of the observed data including the 95% and 99% quantiles are given in more detail in Table 1 . Further, we give an overview of the number of observed exceedances of the official air pollution standards for daily averages from 1989 of the German Engineering Association. The standard air quality level for ozone is 0.05 mg/m 3 (about 25 ppb), and for nitrogen dioxide it is 0.1 mg/m 3 (about 53 ppb). The 95% quantile (0.1207mg/ m 3) of the nitrogen dioxide concentrations at the M-Stachus site exceeds its standard level and the 95% quantile (0.0816mg/m 3) of the ozone concentrations measured at M-Lothstr passes the standard as well.
Different traffic conditions (high traffic at M-Stachus, low traffic at M-Lothstr) cause different exceedance rates of ozone and nitrogen dioxide at both sites. Since our main interest concerns the extreme values, we confine our analysis to nitrogen dioxide at the M-Stachus site and ozone at the Table 1 . Summary statistics of the daily averages of concentrations including the median (q50), the 95% (q95) and 99% (q99) quantiles. The exceedances are the number of data above the standard air quality level (0.05 mg/m 3 for ozone and 0.1 mg/m 3 for nitrogen dioxide) and therefore this chemical process is encouraged by the meteorological conditions during the summer, when extreme values of ozone are exclusively observed. With the help of box-and-whisker plots of the yearly observed maxima for each month, we find a different behaviour of ozone for the months from April to August compared to the other months of the year. We therefore split the data into these two seasons and fit two different extreme value models.
The ozone concentrations at the M-Lothstr site show that during summer the official air pollution standard of 0.05 mg/m 3 is permanently exceeded. This is confirmed by the marked MA(16) process of the daily ozone averages which also exceeds the limit during this time.
The models

The generalized extreme value distribution
Extreme value distributions are usually considered to correspond to one of three families. These families, first introduced by Fisher and Tippett (1928) , were derived as the limiting forms of the distribution of maxima in samples of i.i.d, random variables. To each type of extreme value distribution belongs a set of parent distributions, called 'domains of attraction', for which necessary and sufficient conditions for the derivation of the limit are satisfied (see for example Resnick, 1987 or Leadbetter et al., 1983 . For statistical purpose it is convenient to combine the three types into the generalized extreme value (GEV) distribution. Its distribution function is given by
with x < # + a/k for k > 0 and ~ + e~/k < x for k < 0, respectively, and -ec < x < oo for k = 0. The Fisher-Tippett distributions of type I, II and III correspond to the cases k = 0, k < 0, and k>0. The theory requires that the sample of extreme values x = (x 1 x2... x,) should each be drawn from single i.i.d, samples. Leadbetter et aL (1983) have shown that under certain conditions the distribution of extreme values in stationary stochastic processes corresponds to the same type of family as the distribution of extreme values in i.i.d, samples.
The most common method for the estimation of the parameters of the GEV distribution (1) is that of maximum likelihood. In small or moderate samples it sometimes appears that the log likelihood function does not have a local maximum, and therefore we use the method of probability-weighted moments (PWM) proposed by Hosking et al. (1985) to estimate the GEV parameters. They have shown that the PWM estimators yield small sample properties (n = 15, 25) favourable to those estimators obtained by the method of maximum likelihood and that they have comparable standard deviations for moderate sample sizes (n = 50, 100).
The probability-weighted moments (PWM) of a random variable X with distribution function F are given by
M(p,r,s > = E [XP{F (X)}r{1 -F (X)} s]
where p, r, s are real numbers. The usual non-central moments are the quantities M0,,0,0 ), p = 0, 1,2 ..... For estimating the parameters of the GEV distribution we only consider moments of the form
If F is chosen as the GEV distribution the probability-weighted moments for k r 0 result in
For a random sample Xl,X2,... ,x n of i.i.d, variables Xi, i = 1,... ,n, the moments are estimated using the order statistics x[1] < x{21 < ... < x[n]. An unbiased estimator of/3r is given by
Relation (2) implies the following three equations:
The estimators for the distribution parameters #, c~ and k are obtained by the solution of the equations (i)-(iii) whereby the unknown parameters/3~ are replaced with their estimators (3). For the estimation of the shape parameter k the equation (iii) is solved by using a polynomial approximation proposed by Hosking et al. (1985) . Our random samples are the monthly maxima of daily concentration measurements. Since the maxima are nearly always separated by a few days, the assumption of independence for the maxima Xi, i = 1,..., n, seems reasonable. Smith 0989) established a similar assumption for the 24-hour maxima of hourly readings of ozone concentrations. Our results show that the presence of autocorrelation did not interfere with the application of extreme value models.
Extreme value distributions of type I (k = 0) are also called Gumbel distributions (Gumbel, 1958 ) and most extreme value applications refer to distributions of that type. Hosking et al. (1985) derived a statistical test for the hypothesis that the shape parameter k equals zero in the GEV distribution which is equivalent to the presence of a Gumbel distribution. The corresponding test statistic z is given by z =/cv/n/0.5633, which is standard normally distributed under the null hypothesis.
Results
In Table 2 we give a summary of the sample maxima used for the analysis.
A histogram of the nitrogen dioxide maxima can be found in Fig. 3 . For illustration we add a kernel density estimator using a Gaussian kernel.
As indicated in Section 2 we apply two different models for the monthly maxima of the ozone concentrations. The histogram (Fig. 4) includes the maxima of all months and clearly shows two peaks near the medians of the different seasons (qs0 --0.0851 for the summer and qs0 --0.0466 for the winter months).
For all data we fit the GEV distribution by the PWM method and estimators for standard errors of the parameters are obtained by using the proposed weights for the elements of the asymptotic covariance matrix of the PWM estimators (see Hosking et al., 1985) . The results are summarized in Table 3 .
The estimated GEV distributions of the monthly ozone maxima show a different location for the two seasons comparable to those of the empirical distributions. Only for the winter model at the M-Lothstr site has the hypothesis of the presence of a Gumbel distribution to be rejected. At this site only small samples of ozone data are available, which results in bigger standard errors of the parameter estimates. The fit of the models can be checked by a quantile-quantile (qq-) plot. In all cases the estimated GEV distribution gives an acceptable fit for the monthly maxima of the concentrations. As an example we present the qq-plot for the nitrogen dioxide concentrations at the M-Stachus site. Figure 5 shows that the data points scatter around the expected straight line and that the GEV model gives a good fit for the distribution of the nitrogen dioxide maxima.
A quantity of interest in environmental studies is the N-month-return-level. It is defined as the value of the observed concentrations that can be expected to be once exceeded during an N-month period. For each fitted distribution it is given by F -l (1 -1/N); N > 1. Standard errors are derived by the 6-method using the estimated covariance matrix of the PWM estimates.
In Table 4 we give the return levels for the nitrogen dioxide data at the M-Stachus site and for the ozone data at the M-Lothstr site, including their standard errors. The table shows that the standard for nitrogen dioxide (0.1 mg/m 3) can be expected to be once exceeded every two months. The Nmonth-return-levels for the ozone concentrations at M-Lothstr indicate that even during a period of three winter months the limit of 0.05 mg/m 3 is passed once on average. For days with peaks of ozone in the summertime very high concentrations can be expected, for example in four months the double limit value is once exceeded on average. Nitrogendioxide (mg/m**3) expected 
The generalized Pareto distribution
An alternative approach to the problem of analysing extreme values is to model the exceedances over high thresholds. It is based on using the generalized Pareto distribution (GPD), first proposed by Pickands (1975) . The first step in the application of threshold models consists in the selection of an appropriate threshold, then the differences between the observations above the threshold and the threshold itself can be fitted by the GPD (see Davison and Smith, 1990) . The generalized Pareto distribution of a random variable Y is defined as
G(y;a,k)
where a > 0 and the range ofy is 0 < y < c~ ifk <_ 0, in the case ofk > 0 the range is determined by 0 < y < a/k. The motivation for equation (4) is the following: our aim is the derivation of the distribution of a random variable W -u under the condition that W > u, where the values of W are the observations and u is the threshold. Let F denote the unknown distribution function of the random variable W and F, the conditional distribution of Y = W -u given W >_ u,
F(u + y) -F(u) Fu(Y) --1 -F(u) '
for 0 < y < Wo where wo < oo is the upper boundary of the distribution of W. For u ~ w o the distribution F u can be approximated by the GPD (see for example Pickands, 1975 or Smith, 1984 . Since Hosking and Wallis (1987) have shown that for samples with less than 500 observations the estimators derived by the method of probability-weighted moments are more reliable than the MLestimators for the parameters of the generalized Pareto distribution, we apply the PWM method here as well. For the estimation of the GPD parameters we use the probability-weighted moments
of a random variable Y, which exist for k > -1. The GPD parameters a and k can be estimated with the help of the moments a0 and al by the equations The GPD parameter estimates (6) are obtained by replacing the as in (5) with their estimators &s (7), which are asymptotically normally distributed for k > -0.5 (see Hosking and Wallis, 1987) . The selection of an appropriate threshold has been discussed by Davison and Smith (1990) . A useful device for the choice of possible threshold levels for the models is a mean residual life plot where the mean excess of a threshold u is plotted against the threshold u. If the excess Y of a high threshold u 0 follows a GPD with parameters a and k, the plot should approximate a straight line with slope -k(1 + k) for u > u 0. Therefore the starting points of straight lines in the mean residual life plot are selected as possible thresholds.
Davison and Smith also suggested estimators for further quantities: the crossing rate A of the threshold and the N-month-return level. The exceedance process over a fixed threshold u is assumed to be Poisson with rate A, where the size of the exceedances are assumed to be independent of A.
Then an unbiased estimator for A is ~ = n/l with estimated variance n/l 2, where n is the number of exceedances and l is the number of observed intervals (we use monthly intervals). The N-monthreturn level is obtained by q~ = u + a(1 -(AN)-k)/k, which can be estimated by replacing the parameters with their estimators. Standard errors of the estimated return levels are computed by the 6-method using the asymptotic covariance matrix for the parameter estimates.
Results
The threshold models are fitted for the ozone concentrations at the M-Lothstr site and for nitrogen dioxide at M-Stachus. In both cases the estimated threshold models give a good fit for the distribution of the exceedances if the threshold is chosen high enough. The use of the official limits as threshold levels was not practicable because the rate of exceedances would have been too high. For the ozone data threshold models are applied only to the concentration measures of the months May-August. The frequency of extreme values recorded in April was too low, so the data of this month are not included in the models. During the four months of the summer period the estimated crossing rate of the official air pollution standard for ozone is 18.75 per month, the median of all ozone concentrations is 0.057mg/m 3, a value that already exceeds the standard. For both air pollutants we use several threshold levels suggested by the mean residual life plot of the exceedances. The mean residual life plot for the nitrogen dioxide data (Fig. 6 ) suggests two thresholds (0.13 and 0.16 mg/m 3), the change of slope indicates different distribution parameters for the exceedances. The irregular behaviour of the plot at the right-hand side is due to the small number of exceedances over the highest threshold levels. The mean residual life plot of the ozone data indicates taking thresholds at 0.07 and 0.08 mg/m 3. For estimating the GPD parameters the dependence structure of the exceedances has to be taken into account. One way to deal with that problem is the assumption of a clustered Poisson process for the exceedances (see for example Smith, 1984 ). Since we find that the dependence structure of our series is similar to that of an AR(1), we link subsequent days of exceedances to clusters and use the maxima of these clusters which can be assumed as independent for our analysis. We estimate the GPD parameters for the different models by the PWM method and give the results in Table 5 . The standard errors of the estimators are obtained using the asymptotic covariance matrix of the parameter estimators (see Hosking and Wallis, 1987) .
Since unclustered data have been used to find possible thresholds by the graphical method mentioned above, the model fit has to be further checked. The qq-plots for the threshold models of ozone (Fig. 7) show satisfactory results; the model with threshold at 0.08 mg/m 3 appears to fit the data best.
A common feature of all estimated models is that the bulk of the data fit the model quite well and that the scattering of the data points around the line increases at the right end of the qq-plot. The effect that the largest order statistics were underestimated is found in both models; it is lowest for the model with the threshold taken at u = 0.08 mg/m 3 . The plot also shows that these observations are separated from the other cluster maxima by their high values. Davison and Smith (1990) discussed the sensitivity of the GPD parameter estimators to huge observations and the counteraction of more robust methods and the loss of information. Point estimators for the quantiles of the distribution of the maximum cluster exceedances are obtained using the inverse of the estimated distribution function. For the threshold model with u = 0.08 mg/m 3 the estimated quantiles are ql0 = 0.0012 (0.0019), q25 =0.0033 (0.0032), qs0 = 0.0081 (0.0087), q75 =0.0167 (0.0169), q90 =0.0287 (0.0314), where the values in parentheses are the quantiles of the empirical distribution function.
In Fig. 8 we present the qq-plot for the threshold model of the nitrogen dioxide concentrations with u = 0.13 mg/m 3. The plot shows that the model fits the data sufficiently well. Point estimates for the quantiles of the distribution are ql0 = 0.0034 (0.0032), q25 =0.0092 (0.0092), qs0 = 0.0215 (0.0238), q75 =0.0411 (0.0373), q90 =0.0646 (0.0658), empirical quantiles given in parentheses. For both air pollutants the different threshold models produce almost identical N-month-return levels. The return levels, summarized in Table 6 , are higher than those based on the estimated GEV distribution parameters. As mentioned, the cluster peaks used for threshold models of the ozone data are all from the summer season, so that the model can be compared to the GEV summer model.
The values of the return levels are alarmingly high: for ozone we can expect one cluster peak per month where the daily average of the ozone concentrations exceeds 0.0877 mg/m 3, and within two months we can expect a cluster maximum which is almost twice the standard. As the return levels are estimates for daily means of concentration measures the short time afternoon peaks of the ozone concentrations at one of these days could be enormously high. 
The logistic regression model
It would be desirable to have a statistical tool to predict the exceedances of the ozone or nitrogen dioxide concentrations over their official air pollution standards. The limit L is usually fixed by law, and if it is exceeded certain measures such as smog warnings have to be taken. It defines that concentration level of an air pollutant above which the health of the people could be endangered. Thus it is of special interest to relate the probability of exceeding this standard L to relevant covariates. This can be done by a logistic regression model The inverse link function g is g (t) = (1 + exp(-t)) -1. The parameters of the logistic regression model are estimated by the method of maximum likelihood.
Results
As possible covariates we include several meteorological variables and other air pollutants that are supposed to have an influence on the limit exceedances of the ozone and nitrogen dioxide concentrations. We also examine the coherence of the binary outcomes with lagged concentration measures of the same pollutant which have to be taken into account as regressors as well. Finally, a weekend dummy variable can be identified as an explanatory variable. We use an algorithm for a forward Hosmer and Lemeshow, 1989) . The meteorological variables are daily measurements of temperature (TE) in ~ wind velocity (WV) in m/s and atmospheric humidity (HU). The lagged concentration measures are abbreviated by NO2(x) and O3(x) where x is the number of lags. The weekend dummy is denoted by WE. For the ozone data we took nitrogen monoxide (NO) into the model. The unit of the concentration measures is 100 mg/m 3. In Tables 7 and 8 For ozone we find a positive effect of temperature and of the weekend dummy, which means that the exceedances are more likely to occur on weekends and on days with high temperature. Most of the seasonal variation is thus explained by the temperature. We also observe the well-known fact that higher nitrogen monoxide concentrations locally reduce the ozone concentration, as the effect of nitrogen monoxide is negative in our model. For nitrogen dioxide we get a negative weekend effect due to less traffic, and negative effects of temperature, humidity and wind velocity. In both models we have a strong effect of the lagged concentration of order 1 indicating the autoregressive structure of data. The probability of an exceedance given the covariates can be estimated by To predict exceedances one day in advance the weather forecast can be used for the weather variables and a regression model for nitrogen monoxide proposed by Kiichenhoff and Wolf (1995) .
We examine the goodness of fit of the model of the ozone-concentration exeeedances by calculating the model response probability of every single data point and classify them (see Table 9 ), where the used intervals can roughly be interpreted as categories of the risk for observing a limit exceedance.
If we assume that all estimated response probabilities in the interval (0.9,1.0) would lead to the prediction that an ozone concentration above the standard would be observed (ZL = 1), this would result in 155 positive response predictions. The observed sensitivity of the model would be 148/ 351 = 42.17%. The observed positive correctness of the model is very high; the ratio is 148/ 155 = 95.5%. The same assumption for all estimated response probabilities in the interval 
Discussion and further analysis
We analysed extreme values of daily air pollution data with different statistical methods. We modelled the distribution of monthly maxima and the distribution of maximum cluster exceedances of a suitable threshold. For this purpose the generalized form of the extreme value distribution and the Pareto distribution were used. Both distribution families were shown to be useful tools to obtain insights into the behaviour of extreme air pollution concentrations and to estimate important attributes like its Nmonth-return levels. For a further research project, the time series structure of the data and covariates like weather variables could be included to try to improve the results. But since these models are rather complicated and many parameters have to be included, the results could be much more difficult to interpret than our simple models. We also applied logistic regression to model the probability of the concentrations measures to exceed the official air quality standard. There for ozone and nitrogen dioxide significant effects of weather variables and other pollutants were found. These models can be used for forecasts of exceedances and should be examined with further data.
